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This paper presents the f i s t  theoretical analyses combined with an experimental study 
of the variables controlling heat transfer rates to non-Newtonian fluids in the streamline- 
flow region. The theoretical analyses, for the limiting types of non-Newtonian materials, 
were related to the intermediate case of Newtonian behavior to form a coherent theory 
applicable to Newtonian and non-Newtonian fluids alike. 

The experimental data covered Graetz numbers between 100 and 2,000 and were cor- 
related with a mean deviation of 13.5%. The flow-behavior indexes of the three non- 
Newtonian fluids used varied from 0.18 to 0.70. 

Some preliminary non-Newtonian results are presented on the problems of nonisothermal 
fluid-flow pressure losses and heat transfer outside the laminar-flow region. Further 
theoretical work is recommended in both these areas. Additional experimental data would 
be of value in all of the problems discussed. 

The industrial importance of non- 
Newtonian behavior is generally known 
and the types of non-Newtonian behavior 
encountered have been discussed by 
many authors (1  and I S ,  for example); 
nevertheless, not a single proved method 
is available for prediction of heat transfer 
rates to highly non-Newtonian fluids such 
as viscous slurries, gels, and polymeric 
melts and solutions. The object of this 
investigation was to develop a quantita- 
tive understanding of at least a part of 
this problem. The streamline-flow region 
was chosen for study to enable a rigorous 
theoretical analysis and to take advan- 
tage of the usual high consistency of 
these materials, which make the stream- 
line region of primary importance in 
many industrial applications. 

It has been shown (13) that previous 
experimental work in the area of heat 
transfer to suspensions and other non- 
Newtonian materials may be divided 
into two categories. 

One category consists of publications 
devoted to a study of suspensions of 
relatively inert (i.e. , nonsolvated) solids 
or of dilute suspensions of other solids. 
The work of Miller (16), Orr and Dalla- 
Valle (18), and Winding and coworkers 
(23) and parts of the work of Bonilla and 
coworkers (2) and of Salamone and 
Newman (21) fall into this category. Such 
suspensions are usually nearly Newtonian 
in behavior; hence the peculiarities due 
to the non-Newtonian properties are 
difficult to evaluate experimentally. Most 
of these investigators made some attempt 
to consider this problem, but the purposes 
of their work usually did not include the 
presentation of broad defining equations 
which might apply to highly non- 
Newtonian systems as well as to the 
inert suspensions studied. Accordingly, 
this part of the prior art sheds relatively 
little light on the problem under consider- 
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ation here, although the publications are 
of considerable interest in the field for 
which they were primarily intended. 

The second of the categories deals 
with empirical correlations of experi- 
mental data on more highly non-New 
tonian systems. The publication of Chu 
and coworkers ( 5 )  and an appreciable 
part of the Bonilla et al. ( 2 )  and Sala- 
mone and Newman (81) data fall into 
this group. It has been shown elsewhere 
(12, I S )  that the empirical correlations 
proposed by these authors are unrealistic 
and in two cases may even lead to pre- 
diction of negative heat transfer coeffi- 
cients. Attempts to recorrelate the 
experimental results (4, 13) have been 
only partially successful, possibly owing 
to limitations of the rheological data. 
Accordingly, prior to this work, reliable 
heat transfer estimates could be made 
only if an industrial problem dealt with 
one of the few fluids which have been 
studied experimentally. This would en- 
able use of the raw data rather than of 
any correlation, but such estimates would, 
of course, be limited to the specific 
experimental conditions which had been 
studied. 

As the over-all problem was not well 
understood, the need for as rigorous a 
theoretical approach as possible was 
indicated. Pigford (19) recently published 
the first theoretical study of heat transfer 
to non-Newtonians in the laminar-flow 
region. This work represents a generaliza- 
tion of Leveque’s method (11) for pre- 
dicting forced-convection heat transfer 
coefficients for Newtonian fluids. 

Leveque’s solution of the simplified 
Fourier-Poisson equation for heat con- 
duction to a moving fluid assumes that 
the temperature-boundary layer for the 
important case of high mass flow rates 
through short tubes is confined to a thin 
region near the heated surface. In  this 
region it may be assumed that the 
velocity varies linearly with the distance 

from this surface. If this is true, the 
velocity distribution in this region may 
be represented by 

u = a(R - r) (1) 
where a is the velocity gradient a t  the 
wall. Leveque’s final result was 

__ h B  = 1 . 6 1 ” ~ )  aCppD3 1’3 (2) 
k 

For a Newtonian fluid a = 8V/D and 
Equation (2) reduces to the familiar 
Leveque solution where the term in 
brackets becomes the product of 4/7r and 
the Graetz number. 

For a non-Newtonian fluid the value 
of diflers from 8V/D but may be ob- 
tained from the Mooney-Rabinowitsch 
equation for flow in circular conduits 
(1 ,  14, 17, 20). Pigford has rewritten the 
Leveque equation in the form 

where 
a 6 = __- 

8 V / D  
Physically the term 6 represents the 

ratio of the velocity gradients at the walls 
of the tubes and hence is related to the 
ratio of the heat transfer rates for a 
non-Newtonian fluid compared with that 
for a Newtonian. Pigford (19) showed 
that this ratio may be evaluated as 
follows, if’ the basic assumptions of the 
Leveque approach are valid, 
For Bingham plastic fluids: 

For pseudoplastic fluids: 

Evaluation of 6 by means of Equation 
(6) actually does not require assumption 
of pseudoplastic-fluid behavior. The term 
n‘ is the flow-behavior index of the fluid 
(13, 14) and quantitatively defines the 
behavior of any type of non-Newtonian 
material. Accordingly, Equation (6) may 
be used with Bingham plastic and dilatant 
fluids as well as with pseudoplastics. 

As the limiting cases of “infinite,” or 
ultimate, Bingham-plastic or pseudo- 
plastic behavior are approached, r,/r, 
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Fig. 1. Shear-stress-shear-rate diagram 
indicating various types of fluid behavior. 

Fig. 2. Summary of theo- 
retical heat transfer relation- 
ships for various types of fluid 
behavior; curve CB: plug 
flow (“infinite” pseudoplas- 
ticity); curve ED: parabolic 
velocity profile (Newtonian 
fluid) ; curve F: conical veloc- 
ity profile (“infinite” dila- 

tancy) . 

approaches a value of unity and n‘ 
approaches zero. Accordingly, the values 
of 6 predicted by Equations (5)  and (6) 
approach infinity, causing the heat trans- 
fer coefficients predicted by Equation (3) 
to do the same. The source of this diffi- 
culty lies in the assumptions underlying 
the Leveque approximation. I n  either 
of these limits, plug flow is approached 
( I S ,  dd), and hence the region near the 
wall for which the velocity distribution 
may be assumed linear [Equation (l)] 
becomes smaller than the region in which 
there is a temperature gradient. Accord- 
ingly, the velocity gradient in the fluid 
near the wall has ceased to be a deter- 
mining factor in the rate of heat transfer; 
hence the basic premise of the Leveque 
approach no longer is valid. In  the limit 
of complete ‘‘plug” flow of the fluid the 
problem is identical to that of conduction 
into a solid cylinder initially at a uniform 
temperature. The rate of heat transfer in 
this case is determined solely by the rate 
of molecular conduction. As this can give 
only a finite rate of heat transfer, the 
foregoing equations rather evidently need 
some modifications near this limiting 
case of plug flow. 

THEORETICAL DEVELOPMENT 

In  many studies of complex problems 
the mathematical equations describing 
the physical situation are too difficult to 
solve, and the number of simplifying 
assumptions necessary to obtain an 

analytical solution may appreciably re- 
duce the applicability of the results. A 
generally simpler and often as satisfying 
method of attacking such problems from 
an  engineering point of view is to study 
the limiting cases which the problem may 
be shown to approach. This is the method 
of attack used in the present paper. 

The limiting situations which encom- 
pass all types of steady state fluid 
behavior may be defined by reference to 
Figure 1. As a fluid becomes progressively 
more pesudoplastic, the shear stress-shear 
rate relationship progressively approaches 
the indicated horizontal line more closely. 
At this limit, the shear stress becomes 
independent of shear rate and the flow 
behavior index n’ ( I S )  approaches zero. 
At the other extreme of increasing dila- 
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tancy, the vertical asymptote is ap- 
proached as n’ approaches infinity. 
Intermediate between these two situa- 
tions of ultimate or “infinite” pseudo- 
plasticity and infinite dilatancy lies the 
Newtonian fluid (n’ = 1.00). 

It may be noted in passing that the 
case of an “infinitely” Bingham-plastic 
fluid is indentical with that of infinite 
pseudoplasticity. As the method of 
approach used here for pseudoplastic 
fluids is also rigorously applicable to 
Bingham-plastic behavior and in view of 
the greater generality of the pseudo- 
plastic-Newtonian-dilatant family of flow 
relationships, the case of heat transfer to 
true Bingham-plastic fluids, which are 
encountered only rarely, will not be 
presented in detail here. However, this 
case was treated analogously and an 
experimental verification of the theo- 
retical relationships was made for one 
fluid approximating Bingham-plastic be- 
havior. These results are available (22). 

Thixotropic and rheopectic ( I S )  non- 
Newtonian fluids, which have time- 
dependent properties, cannot be con- 
sidered rigorously in this work. A similar 
restriction applied to earlier contributions 
on fluid flow (14) and mixing (15). It 
should be noted, however, that the fluid 
shear rates in the region immediately 
before a heat exchanger are usually at  a 
high level, particularly if a pump is 
located just upstream from the heat 
exchanger. Since this represents usual 
industrial practice, thixotropic and rheo- 

pectic fluids would normally be reduced 
to conditions under which the time- 
dependent effects would no longer mani- 
fest themselves. Under such conditions 
design for these materials would be 
identical with the procedure outlined 
here for other types of non-Newtonian 
behavior. 

The remainder of the theoretical 
development consists of two distinct 
steps: (1) development of theoretical 
equations for the cases of infinite pseudo- 
plasticity (n’ = 0) and infinite dilatancy 
(n’ = a) and (2 )  development of a 
method of interpolation for cases of 
finite degrees of non-Newtonian behavior. 
This second problem is appreciably 
simplified by virtue of the extensive 
analyses available for the intermediate 
case of Newtonian behavior (n’ = 1.00). 

Infinite Pseudoplasticity 

As the flow-behavior index n‘ decreases 
toward zero the’ velocity profile of a 
fluid flowing through a round tube 
progressively flattens until a perfectly 
flat profile or plug flow is reached at the 
limit of n’ equal to zero ( I S ,  26). A 
solution of the Fourier-Poisson heat- 
conduction equation for this limit was 
made by Graetz (7) and was reviewed in 
detail by Drew (6). This solution, shown 
as curve C of Figure 2, becomes unwieldy 
for values of the Graetz number (wCD/kL) 
above about 500; however, for values of 
wCD/kL above 100 an asymptotic solution 
extending the one given by Boussinesq 
(3)  is possible (22) .  This solution may be 
written 

(7) 
h,D 8 4 wCv ‘I2 

k n  - +&A 
and is shown as line B on Figure 2. 

For values of wCv/kL below about 5 
the theoretical curves for plug flow 
approach the limiting case of an outlet 
fluid temperature equal to the wall 
temperature of the tube. This limit is 
shown as curve A of Figure 2 and may 
be described ( I d )  by the heat-balance 
equation: 

Infinite Dilatancy 

For this case (n’ = m )  the velocity 
profile of a fluid flowing in a round tube 
is conical ( I S ,  22) .  This velocity profile 
accordingly is especially well suited to 
the use of a Leveque-type approximation, 
as Equation (1) is obeyed at all radii. 
Placing n’ = into Equation (6) and 
substituting the result into Equation (3) 
gives 

This equation is shown as curve F of 
Figure 2. 
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Newtonian Behavior 

A theory of heat transfer to Newtonian 
fluids in laminar flow was first given by 
Graetz (8). The assumptions upon which 
his solution is based, as well as the solu- 
tion itself, arc adequately presented by 
Drew (6) ,  Jakob (10) and RlrAdams (12) 
and need not be repeated here. The 
resulting equation is plotted as curve E 
in Figure 2.  Below Craetz numbers of 
about 3 the results are identical with 
curve A ; i.e., the exit-fluid temperature 
approaches the wall temperature very 

Generally speaking, one is interested 
in high mass flow rates and relatively 
short tubes, i.e., in high Graetz numbers. 
For Graetz numbers above about 100 the 
Graetz equations become unwieldy. Le- 
veque (11) noted this deficiency and 
proceeded to develop his asymptotic 
equation. An outline of the development 
and a thorough review is given by refer- 
ence 6. Leveque's equation describing 
the transfer of heat to a Newtonian 
fluid flowing in streamline motion through 
round tubes is shown as curve D of 
Figure 2 and may be obtained by placing 
LY = 8V/D in Equation (4) and substitu- 
ing the result into Equation ( 3 ) :  

closely. 

The equation most recently recom- 
mended by LfcAdams (1%) for this situa- 
tion (high Graetz number, laminar flow) 
is 

I ts  similarity to the above Leveque 
equation is obvious. The viscosity-ratio 
term represents the familiar Sieder-Tate 
correction factor to account for the 
distortion of the assumed velocity distri- 
bution by the radial temperature gradient. 
Presumably a similar correction factor 
will be required in all the non-Newtonian 
work; this will be discussed later. The 
last group of terms on the right-hand 
side of Equation (11) corrects for changes 
in heat transfer rate due to natural 
convection currents caused by the tem- 
perature gradients. For the viscous gels 
studied in the present work, as with most 
non-Newtonian fluids likely to be proc- 
essed in the laminar region, this term 
may be assumed negligible. 

Pigford (1.9) has recently developed a 
srries of equations which theoretically 
account for the effects of both natural 
convection and radial viscosity variations 
(due to the temperature gradient) upon 
the Newtonian heat transfer rate. The 
simpler empirical approach of the Sieder- 
Tate correction factor was used in this 
work, however, to avoid the mathematical 
complications due to these factors, and 

the complex problem of non-Newtonian 
behavior were considered theoretically. 

In summary of this section, the limiting 
cases of non-Newtonian behavior have 
been defined and the solution to the heat 
transfer problem corresponding to each 
has been given. A brief discussion was 
also devoted to the theory of heat 
transfer to Newtonian fluids as Newtonian 
behavior may be thought of as a special 
intermediate case of non-Newtonian 
behavior. The results are summarized in 
Figure 2.  Heat transfer coefficients for all 
pseudoplastic and Bingham plastic non- 
Newtonian fluids should lie between the 
curves for a parabolic velocity distribu- 
tion (AED) and those for uniform 
velocity distribution, or plug flow (curves 
ACB). Similarly, all coefficients for 
dilatant fluids should lie between curves 
AED for a parabolic velocity distribution 
and curve F for a conical velocity 
distribution. The remainder of this 
theoretical section will be devoted to 
finding methods of interpolating between 

Inspection of these equations (or of 
curves D and F of Figure 2)  shows that 
even in the case of infinite dilatancy 
n' = a) the heat transfer coefficient is 
still 90.9% of that for a Newtonian fluid 
at the same Graetz number. Experimental 
verification of Equation (12) €or fluids of 
reasonable dilatancy (n' in the neighbor- 
hood of 2.0) is therefore probably imprac- 
tical since the difference between the 
results for Newtonian and dilatant fluids 
is within the usual experimental error. 

Below Graetz numbers of 20 an even 
closer similarity between heat transfer 
rates for Newtonian and dilatant fluids 
may be expected to exist. For this 
reason, the tentative design procedure 
for dilatant fluids a t  all Graetz numbers 
may be stated as 
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Fig. 3. Theoretical ratio of non-Newtonian to Newtonian heat transfer rates in laminar- 
flow pseudoplastic fluids. 

these limiting cases for intermediate Below Graetz numbers of about 20 
amounts of non-Newtonian behavior. this procedure is not exact but will 

probably be slightly conservative. Above 
Dilatant Fluids (1.00 < n' < m) No* = 20 this relationship is identical 

the L~~~~~~ approximation may be used and hence is indicated as being theoreti- 
Above a Graetz number of about 20 to that given by Equations (12) and (13) 

cally exact under these conditions. to predict heat transfer rates for both 
Newtonian fluids (n' = 1.00) and 
infinitely dilatant fluids (n' = m) in 
laminar flow. Accordingly it is obviously 
a valid assumption that the same method 
may be used to calcuIate heat transfer 
coefficients within the entire region 
between these limits. From Equations 
(6) and (3), therefore, 

1/3 ha 
k 

3n' + I 'I3 wc, 
-- = (%) (12) 

or 

,;,,, h D  = I%(%) 1 / 3  (13) 

where 

Pseudoplastic Fluids (0 < n' < 1.00) 

The problem in this case is one of 
interpolation between curves C-B (n' = 0) 
on one hand and curves E-D (n' = 1.00) 
on the other. For this purpose a correc- 
tion factor A may be defined as follows: 

When n' = 0, A113 is given by the ratio 
of the ordinatcs of the aforementioned 
curves a t  any chosen value of the Graetz 
number. At values of n' rlose to unity, 
the value of A will coincide with that of 
6 as given by Equation (G), provided the 
Leveque approximation is also valid 
( N G s  above about 100). Any method of 
interpolation between curves CR and 
ED must, therefore, satisfy the following 
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Fig. 4. Theoretical ratio of non-Newtonian 
to Newtonian heat transfer rates for ex- 
tremely pseudoplastic fluids in laminar flow. 
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Fig. 5. Proof of equipment: comparison of 
Newtonian data with recommended (12) 

equation. 

conditions: (a)  the method must give 
the correct value of A when n‘ = 0 and 
(b)  it  must give A = 6 when n’ approaches 
unity, where Equations (13) and (6) 
are known to be either rigorously valid 
or a very close approximation (YGE > 
100) 1 

The simplest possible interpolation pro- 
cedure was arbitrarily chosen in this 
work; viz., a linear interpolation was 
made between the value of A113 at 
n’ = 0 and the point at  which this 
straight line first became tangent to 
81’3 at higher values of n’ at selected 
values of the Graetz numbers. These 
interpolating curves are shown in Figures 
3 and 4. 

In Figure 3 the uppermost curve 
represents Equation (6) to an n’ as low 
as 0.02; in Figure 4 the corresponding 
value of n’ to which the Leveque theory 
is valid is about 0.01 at  N o s  = 2 X 104. 

The most significant conclusion indi- 
cated by these two figures is that at the 
higher Graetz numbers Equations (13) 
and (6) are valid to extremely low values 
of the flow-behavior index n’. Even at  as 
low a value of the Graetz number as 100, 
the interpolation follows Equation (6) 
until n’ drops below about 0.10. The 
importance of the assumed validity of a 
linear interpolation is therefore not 
critical in view of the small range of the 
flow-behavior index over which this is 
used. At lower values of the Graetz 
number, on the other hand, while the 
linear interpolation is used over a wide 
range of values of n’ the value of A1’3 is 
so near unity that the exact choice of 
interpolation procedures is still not 
critical. The fact that high Graetz num- 
bers and values of n’ above 0.10 are usual 
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Fig. 6. Comparison of experi- 
mental non-Newtonian data 
with theoretical Newtonian 

curve. 

Fig. 7. Comparison of data 
with theoretical curve for 

non-Newtonian fluids. 

A.1.Ch.E. Journal 

industrial practice means that only rarely 
will Figures 3 and 4 be used under con- 
ditions such that Equation (6) is not 
applicable. The chief value of Figures (3) 
and (4) may therefore be considered to 
be that of having defined the limits 
withid which Equation (6) is valid. 

The theoretical methods of predicting 
heat transfer coefficients for non-New- 
tonian fluids in laminar flow may be 
summarized as follows: 

(a)  For wC,/kL above 100 and n’ 
between 0.10 and infinity, 

where 

(b) For values of n’ below 0.10 at all 
values of wC,/kL, and for n’ between 
0.10 and 1.00 when wC,/kL is below 100, 

where A113 is obtained from Figure 3 or 4. 
The term (haD/k)lvemtonian may be ob- 
tained from Figure 2 under all conditions. 

(c) If n’ is above unity and wC,/kL 
below 100, procedure 6 is also followed, 
but the correction factor is taken as 

This procedure appears to be rigorous 
down to values of the Graetz number of 
about 20. 

These three alternatives encompass all 
ranges of Newtonian and non-Newtonian 
behavior considered in this paper. Most 
industrial problems may be expected to 
fall into procedure a. 

As the foregoing theoretical conclusions 
have been based on a number of assump- 
tions, experimental proof must be ob- 
tained to show their validity and to 
define the need for a Sieder-Tate type of 
correction factor. Since the equipment 
and materials used were chosen to 
simulate industrial practice, experimental 
data were obtainable to verify only the 
first of the three design procedures. 

EXPERIMENTAL EQUIPMEN1 

A gravity-fed, variable-speed Moyno 
“progressing-cavity” type of pump was 
used in this work. Upon leaving the pump 
the fluid passed through an orifice mixer 
fitted with a thermocouple for temperature 
equalization and measurement. The mixer 
was followed in turn by a 20-diam.-long 
calming section and a 19-ft.-long heat 
transfer test section. This exchanger had 
an inside diameter of 1.368 in. and was 
surrounded by 3- and 5-in.-diam. copper 
water tubes. The inner annulus thus formed 
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served aa a stesm jacket for the test section 
itself and the outer anndua acted as an 
isothermal insulator since the same steam 
waa admitted to both annuli. Upon leaving 
the test section the fluid waa passed through 
a second orifice mixer for measurement of 
the exibfluid temperature. Heat balances 
were obtained to check the measured tem- 
perature rise of the fluid against the rate of 
steam condensation. The wall temperature 
of the 1.368-in. test section was measured 
by seven thermocouples distributed along 
its length. This exchanger was generally 
similar to that described in detail by Bonilla 
and coworkers (3). Auxiliary equipment 
waa conventional. 

To measure the isothermal-fluid-flow 
properties, both a Stormer concentric- 
cylinder viscometer and a capillaxy-tube 
Viecometer were used; both were calibrated 
with National Bureau of Standarda oils. 
The capillary-tube viecometer was equipped 
with a constanbtemperature bath to 
allow operation at  elevated temperatures. 
Operating p r e s s w  were supplied by com- 
preaaed nitrogen controlled by a Grove 
regulator and measured by calibrated 
laboratory-test pressure gauges. The 
Stormer viacometer waa used primarily for 
purposes of comparison with the capillary- 
viscometer room-temperature results. 
Methods of converting them? experimental 
Visoometric data to the rheologid param- 
eters K' (or y) and n' have been described 
elsewhere (13, 16). 

The thermal conductivities of the fluids 
were meaaured by the ateady state method 
with two chambers in seriea. The upper 
chamber contained the fluid of unknown 
conductivity and the lower a fluid of 
known conductivity (water). A thermo- 
couple at the center of the plate below and 
above each cell indicated the surface tem- 
perature there. A constantrtemperature 
bath above the two chambers supplied the 
heat flux which pawed through the two 
chambers to an ice-water bath below. 
Downward heating was used to minimbe 
convection effects. The entire apparatus 
waa insulaM and could easily be dis- 
assembled. 

Fluid heat capacities were measured by 
adding a known amount of electrical 
energy to an insulated, agitated bath 
containing the fluid of unknown heat 
capacity in six 1-in.-diam. by 10-in.-long 
sample tubes. The rise in the temperature 
of the entire bath waa measured by a 
calibrated thermometer and the heat 
capacity of the fluid calculated after sub- 
tracting the capacity of the bath (other 
than the sample fluid) as determined by 
calibration with water and checked with 
bemene. 

Fluid densities were measured by a 
modified pycnometric method. Full experi- 
mental detaile are available ($3). 

RESULTS 

Proof of the absence of unusual experi- 
mental conditions and of any calcula- 
tional or procedural errors was obtained 
by first taking heat transfer data on 
m o k ,  a Newtonian fluid. Comparison 
of the experimental results with Equa- 
tion (11) is shown in Figure 5. The 
maximum deviation of an experimental 
data point from the curve was -10%. 

%? 
Fig. 8. Comparison of data with theoretical relationship after introduction of the Sieder- 

Tate correction factor. 
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REYNOLDS N W B E R . ~  

Fig. 9. Non-Newtonian heat transfer in the transition and turbulent-flow regions. 
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Fig. 10. Non-Newtonian heat transfer: summary and correlation of all data. 

In view of the fact that maximum devia- 
tion of prior-art data w y  f30% (Ig), 
it was concluded that all procedural 
details of the present work were entirely 

Heat Transfor to Non-Newtonian Fluids: 
laminar Flow 

satisfactory. 

Heat transfer data were taken on the 
following three non-Newtonian fluids: 
(1) a 1.75% solution of Carbopol in 

water (the flow behavior index n' of this 
fluid varying between 0.18 and 0.40, 
depending upon the temperature and 
shear rate), (2) a 3.72% solution of sodium 
carboxymethylcellulose (CMC) in water 
(n' varying between 0.43 and 0.51 for 
this fluid), and (3) a 1.40% CMC solution 
with a flow-behavior index of 0.70. 

A plot of the original data on these 
fluids is shown in Figure 6. Since no 
factor is included here to correct for the 
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deviation of the fluids from Newtonian 
behavior, the data fall, as would be 
expected, considerably above the curve. 
Introduction of the correction factor 
A1/3 (= 8119, as in Figure 7 ,  brings the 
data more nearly in line with the theo- 
retical curve. There is still much scatter, 
however, the maximum deviations being 
+35 and - 30%. 

It is instructive a t  this point to com- 
pare these results with those reported for 
Newtonian fluids. McAdams ( I % ) ,  in 
reviewing the Newtonian data, has 
pointed out that the scatter in that case 
is as great as &loo%. The causes of this 
great scatter are the distortion of the 
velocity profile and the free-convection 
effects resulting from the temperature 
gradient in the fluid. For fluids of high 
consistency, which certainly includes 
these highly non-Newtonian fluids, free 
convection effects are very small and 
may be neglected. The distortion of the 
velocity profile for Newtonian fluids is 
usually allowed for empirically by intro- 
duction of the Sieder-Tate viscosity 
ratio : (p /pw)  0 .l4. 

As will be shown later, the flow 
properties of the 1.75% Carbopol-water 
system were least dependent on tempera- 
ture and the 3.72% and 1.4% CMC-water 
systems have an increasing dependence 
of the flow properties on temperature in 
the order given. Inspection of Figure 7 
shows the trend of data away from the 
curve to be in the same order. These 
facts suggest that a correction factor 
analogous to the viscosity ratio (p/p,) 
would aid in correlation of the data. 
The denominator y of the generalized 
Reynolds number seems a plausible 
substitute for the viscosity of Newtonian 
fluids, as it uniquely defines the con- 
sistency of non-Newtonian fluids of any 
given flow-behavior index. 

The data including the empirical cor- 
rection factor (y/yw)o are plotted in 
Figure 8. With the exception of a few of 
the points for the Carbopol-water system, 
this empirical correction factor ade- 
quately correlates the experimental re- 
sults. Thus the final correlating equation 
(for wC,/kL above 100) adopted in this 
work for both Newtonian and non- 
Newtonian fluids is 

0.14 sB h D  = l.~(g)''~(;) (14) 

For wC,/kL below 100, the procedures 
previously outlined are recommended 
upon introduction of the (y/yw)oJ4 term 
to account for distortion of the theoretic- 
ally assumed velocity profile. 

The significance of each of the non- 
Newtonian terms in Equation (14) has 
already been discussed. For Newtonian 
fluids, A1/3 = 1.00, y reduces to p and 
ym to p w .  Accordingly the foregoing 
equation reduces to the one usually 
recommended for this special case when 
natural-convection effects are absent. 

The mean deviation of the non- 
Newtonian data from Equation (14) is 
13.5%. The two points furthest from the 
curve were for those runs having the 
greatest error in the heat balances; hence 
the presence of some experimental errors 
is indicated. The fact that most of the 
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Fig. 13. Comparison of pressure drop cal- 
culated for isothermal conditions with non- 

isothermal measured values. 

data points fall below the curve may be 
related to the fact that all heat transfer 
coefficients were based upon the input 
heat flux as measured by the steam- 
condensation rate. This was considered 
to be the most direst, hence accurate, 
procedure. Nevertheless, these values 
were usually somewhat lower than those 
calculated from the temperature rise of 
the fluid. In any case, all deviations are 
within experimental error and no adjust- 
ment of the curve is felt warranted on 
the basis of these data alone. 

Heat Transfer Outside the laminar Flow Region 

It has been shown that the conventional 
N e w t  o n i  a n-f r i c t i o n-fac tor-Reynolds- 
number curve is useful for interpretation 
of non-Newtonian data upon generaliza- 
tion of the Reynolds number (14). More 
recently the utility of this generalized 
Reynolds number has been shown to 
extend to the problem of mixing-power 
requirements (15) as well. I ts  use in 
correlation of non-Newtonian heat trans- 
fer data is therefore suggested by the 
close analogy between these three prob- 
lems for Newtonian fluids. 

For the case of Newtonian heat transfer, 
the relevant dimensionless groups are the 
Reynolds number ( D V p / p ) ,  the Prandtl 
number, C,p/k,  and either the Nusselt 
(hD/k)  or Stanton (h/C,G) numbers. In  
addition the Sieder-Tate (p/pw)O.1a factor 
is required. Finally, the L / D  ratio is 
important if data in the laminar and 
transition regions are considered. 

Generalization of the foregoing dimen- 
sionless groups for applicability to non- 
Newtonian as well as to Newtonian fluids 
involves, in addition to the Sieder-Tate 
factor already considered, the Prandtl 
and Reynolds numbers-as both contain 
the Newtonian viscosity. Unquestionably, 
both may be used in their present form if 
a judiciously chosen apparent viscosity 
pa  is used to replace the true Newtonian 
viscosity. A possible method of deter- 
mining this apparent viscosity is to 
equate the Newtonian Reynolds number 
to the generalized one, as follows: 

If 
__-  DVp D"' V2-"'p - 

Pa Y 
then 

pa  = y ( V / D y  

Substitution into the conventional 
Prandtl number gives 

Accordingly, the relevant non-Newtonian 
dimensionless groups become 

the generalized Reynolds number: 

Dnr v2-n'P 
7 
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the generalized Prandtl number: 

either the Kusselt or Stanton numbers: 

hD h 
- or -- 

I;  C,G 
the dimensionless consistency ratio: 

Y 
Y u, 
- 

In  the laminar and transition regions 
the LID term as well as the correction 
factor A113 (or 6113) is also relevant. Pre- 
sumably the latter would decrease in 
importance much as the L I D  term as the 
flow becomes fully turbulent and the 
non-Newtonian fluid loses its peculiar 
identity. 

If these generalizations are both valid 
and adequate, the functional relation- 
ships between the dimensionless groups 
must be the same as found in conven- 
tional Newtonian heat transfer. If this 
were not the case, the generalized cor- 
relations for non-Newtonian fluids would 
not reduce to the well-established New- 
tonian formulas upon substitution of 
n' = 1.00 (and y = p )  into the generalized 
Reynolds and Prandtl numbers. The 
only expected exception to this considera- 
tion would occur in the transition region, 
as it has been established (14) that the 
transition from laminar to fully developed 
turbulent flow is more gradual for highly 
pseudoplastic fluids, for example, than 
for Newtonians. For a fluid with a flow- 
behavior index of about 0.80, these 
considerations indicate a transition region 
extending to Reynolds numbers of about 
10,000 although quantitative data are 
not available. 

In order to preview this important 
problem of heat transfer outside the 
laminar region, a small number of data 
were taken with a dilute (0.2%) Carbopol 
solution having a flow-behavior index 
varying between 0.74 and 0.82. These 
data are shown in Figure 9 on a convea- 
tional j-f a c t o r-R e y n o 1 d s-number plot 
using the aforementioned dimensionless 
groups. The solid line represents the 
conventional Newtonian relationship rec- 
ommended by McAdams (1%) and the 
dashed line is intended to represent a 
curve through the data points. 

It is seen that the experimental data 
are in perfect confirmation of all the 
expected trends. The experimental errors 
(leading to a scatter of =t20'33 and the 
paucity of data, however, prevent any 
very firm conclusions. In  particular, the 
flow-behavior index of the fluid was 
sufficiently high that the non-Newtonian 
correction factor A113 (Figure 3)  could be 
taken equal to unity within experimental 
error; hence no information is available 
on its importance outside the laminar 
region. 

Figure 10 summarizes all the experi- 
mental data on the conventional j-factor 
type of plot. In  view of the good agree- 
ment between the theoretical analysis 
and the experimental data in the laminar 
region, heat transfer estimates may be 
made with considerable certainty here. 
Outside the laminar region the present 
results may be considered indicative 
primarily of a method of approach, which 
may be either refuted or confirmed by 
more extensive work. Up to Reynolds 
numbers of 15,000 to 20,000 Figure 10 
may be used for order-of-magnitude esti- 
mates, however, and as such represents 
some improvement on the prior art. 

Nonisothermal-pressure-drop Calculations 

McAdams (1%) suggests two methods 
for correlation of nonisothermal-pres- 
sure-drop data for Newtonian fluids. 

10 

2 

10 
8 yD , SOC -1 

Fig. 14. Rheological properties of the 1.75% 
Carbopol-water system. 

Fig. 15. Rheological properties of aqueous 
3.72% CMC (sodium carboxymethylcellu- 

lose) solution. 

The most recent edition of this book 
recommends that the actual pressure drop 
may be calculated from the usual laminar- 
flow equations upon substitution of the 
fluid viscosity a t  a film temperature 
defined by 

The older second edition of this book 
recommended either use of this procedure 
or consideration of the pressure drop 
calculated a t  the bulk temperature as 
the product of the nonisothermal pressure 
drop and the factor 1.1 (p/p,)o25. 

The results shown in Table 1 for the 
Newtonian fluid, molasses, indicate that 
neither method predicts the noniso- 
thermal pressure drop very accurately, 
and these data accordingly leave little 
basis for choice of one method over the 
other. 

For non-Newtonian fluids, the method 
corresponding to the first of these 
approaches involves evaluating the fluid 
consistency, y and the flow-behavior 
index n' a t  the film temperature defined 
by Equation (15). These are then used 
with the generalized Reynolds number 
to  calculate the friction factor or may be 
substituted directly in the generalized 
equivalent of Poiseuille's law (14) : 

TABLE 1. 
N0F;ISOTHERMAL PRESSURE-DROP DATA 

FOR hfOLASSES 

Calculated pressure 
drop, lb./sq. in., with 

Velocity, Measured Viscosity Bulk 
f't./sec. prcssure evaluated viscosity 

drop, at film divided by 
Ib./sq. in. tcmpera- l . l ( p / p u ) O  25 

ture 
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3 . 2 2  2 . 6  2 . 2  2 . 4  
1.90 0 .5  1 .0  1 . 2  
5.82 4 .5  3 .3  3 . 4  

I.D. of pipe: 1.365 in. 
Distance between pressure taps: 19.07 ft. 

XlcAdams's older recommendation, in- 
volving the one-quarter power of the 
viscosity ratio, was adopted by calciilat- 
ing the bulk-temperature pressure drop 
by means of Equation (16) and dividing 
the result by 

Figure 11 compares the results obtained 
upon calculating the nonisothermal pres- 
sure drop in thc last manner with the 
actual measured pressure drop. Figure 12 
shows a similar comparison for the case 
in which the calculated pressure drop 
was based upon Equations (15) and (16). 
The improvement obtained by either 
method may be noted by comparison 
with Figure 13, in which the calculated 
pressure drop was obtained by use of 
bulk-temperature physical properties. If 
one neglects the 1.4% CMC data, for 
which the measured pressure drops were 
too small to  be determined accurately, 
all but five data points are within 25% of 
the 45" line of equivalence in both 
Figures 11 and 12. The mean deviation 
of the data from the line of equivalenre 
is 14% in Figure 11 and lS70 in Figure 12. 
Thus there is very little basis for choice 
of one method over the other; in general 
the data are overcorrected in Figure 11 
and undercorrected in Figure 12. For- 
tunately the +25% uncertainty in use 
of these methods, although large, is 
frequently not prohibitive. 

As the problem of nonlaminar fluid 
pressure drop is not yet entirely clear for 
non-Newtonian fluids flowing isotherm- 
ally, it is not fruitful to  discuss noniso- 



thermal flow outside the laminar region 
at  this time. 

Rheological Properties of Fluids Used 

The fundamental flow groups for 
interpretation of the capillary-viscometer 
data, DAp/4L and 8V/D,  are plotted in 
Figures 14 to 17 for the four fluids used. 
To avoid confusion, the experimental 

i.e. the liquid was slightly non-Newtonian 
a t  this temperature. At the higher tem- 
peratures used in the heat exchanger, 
however, no non-Newtonian behavior 
could be detected. 

Other Physical Properties 

The thermal conductivities of the four 
non-Newtonian fluids used ranged from 
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Fig. 17. Rheological properties of aqueous 
O.ZOyo Carbopol solution. 
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Fig. 18. Equivalence of rheological data as obtained with rotational and capillary-tube 
viscometers. 

data points have been omitted. However, 
the individual curves are well supported 
in that the maximum deviation from any 
rurve was only 14% and the mean 
deviation was less than 2%. On these 
logarithmic plots the slope of the tangent 
to the curve gives the value of the flow- 
behavior index n’ at the particular value 
of 8V/D chosen. 

In  order to show the validity of the 
capillary-tube data, the 75” to 76’F. 
capillary-tube data for the three viscous 
fluids were compared with similar shear- 
stress-shear-rate data measured with a 
Stormer rotational viscometer by means 
of the usual relationships ( I S )  for calcu- 
lation of the shear rates. As Figure 18 
shows, the agreement between the two 
viscometers is excellent. 

Experimental viscosity data for the 
molasses used are shown in Figure 19. 
The three points shown at  72.5”F. cor- 
respond to three different shear rates; 

the conductivity of water to as much as 
2501, below water. The heat capacities 
for these same fluids were found to be 
within 3Oj, of the value for water a t  the 
same temperature. Since this was ap- 
proximately equal to the reliability of 
the measurements, the heat capacity 
of water was used in the calculations. 
Similarly, the densities of the non- 
Newtonian fluids were found to be equal 
to the density of water. 

SUMMARY 

The recommended design procedure 
for calculation of laminar-region heat 
transfer coeficients for fluids in which 
natural-convection effects are not present 
may be summarized as follows: 

1. For most fluids likely to be en- 
countered (n’ above 0.10) at reasonably 
high flow rates (wCp/kL above 100) 

where 

3n’ + 1 6 = __- 
4n’ 

As shown by Figures 8 and 10, this 
equation has been checked with three 
non-Newtonian fluids over the following 
ranges of variables: 

n’ : 0.18 t o  0.70 

wc, : 100 t o  2050 kL 

N R e  : 0.65 to  2100 
The Newtonian equation recommended 

by McAdams (22)  represents the special 
case obtained by substitution of n’ = 1.00 

TEMPERATURE, O F  

Fig. 19. Viscosity-temperature relationship 
for molasses. 

(6 = 1.00 and y = p) into the foregoing 
equation. The mean deviation of the 
non-Newtonian data from this equation 
was 13.5% and the maximum deviation 
30%. These figures compare very favor- 
ably with those usually reported for 
Newtonian fluids. 

2.  For extremely highly pseudoplastic 
fluids (n’ below 0.10) and for all pseudo- 
plastics at low flow rates (wCp/lcL below 
loo), the ordinate of curve AED of 
Figure 2 at any given value of the 
Graetz number is taken as equal to 
[(h,D)/(kA1/3)](yw/y)O.l4. The term Al/3 

is evaluated from Figure 3 or 4. 
3. For dilatant fluids the ordinate as 

read from curve AED of Figure 2 is 
equated to the quantity [ (haD)/(k6ll3)] 
(ym/7)o.14, where 6 = 3n‘ + 1/4n‘. At 
higher flow rates (wCp/kL above 100) this 
procedure is identical to that of part 1. 

The procedures outlined under 2 and 3 
have not been verified experimentally 
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but may be recommended as being at 
least good approximations in view of the 
excellent agreement between theory and 
experiment found in part 1. It should be 
noted that pseudoplastic and Bingham- 
plastic fluids have higher transfer coeffi- 
cients in the laminar region than do 
Newtonians. The reverse is true for 
dilatant materials, for which, as a matter 
of fact, the foregoing recommendations 
predict heat transfer coefficients which 
are always within 10% of those for 
Newtonian fluids. 

Heat transfer rates outside the laminar- 
flow region may be estimated from Figures 
9 and 10. As the importance of the term 
A1/3 has not been established outside the 
laminar region, the conservative pro- 
cedure of assuming i t  to be equal to 
unity for pseudoplastic fluids is recom- 
mended. 

The usual Newtonian methods for 
nonisothermal-pressure-drop calculations in 
laminar flow may be applied to the non- 
Newtonian fluids studied with an accu- 
racy of about &%yo. No attempt has 
been made to predict nonisothermal 
pressure drops outside the laminar 
region. 

Attention must be drawn to the strong 
need for additional data for all the 
problems discussed. In particular, the 
limitations of the present work are that 
only one tube size and length has been 
studied and all the data have been for 
heating of the fluids. 
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NOTATION 

c, = 

duldr = 

D =  
9 =  
s c  = 

G =  

h =  

ha = 

j” = 

fluid heat capacity, B.t.u./ 
(1b.M) (OF.) 
velocity gradient or shear rate, 
sec.-1 (du/dr),  refers to the 
shear rate at the (inner) bob of 
a viscometer and (du/dr)D to  
the shear rate at the wall of a 
tube 
tube diameter, ft. 
acceleration of gravity, ft./sec. 
dimensional conversion factor, 
32.2 (ft.) (lb.M)/(sec.2) (lb.F.) 
mass velocity, lb.M/(hr.) (sq. ft.) 
or lb.M/(sec.)(sq. ft.) G = Vp 
heat transfer film coefficient, 
B.t.u./(hr.)(sq. ft./’F.) 
a film coefficient based upon an 
arithmetic-mean temperature 
difference 
grouping of dimensionless terms : 

h 
j ”  = 

k 

K‘ 

L 
n‘ 

A P  

r 
R 
t 

At 

U 
V 
W 

a! 

P 
Y 

6 

A1/3 

P 

a 
P 
7 

TU 

Dimen 

Nav 
N G a  

= thermal conductivity, B.t.u./ 
(hr.)(ft.)(”F.) 

= Auid-consistency index, (Ib.>,) 
(sec:’)/sq. ft. If the fluid hap- 
pens to be Newtonian K’ = p/g, 

= tube length, ft. 
= flow-behavior index, dimension- 

less. The numerical value of n’ 
lies between zero and unity for 
pseudoplastic and Bingham- 
plastic fluids, is equal to unity 
for Newtonians, and is greater 
than unity for dilatant fluids. 
The flow-behavior index a t  a 
given shear stress is equal to  the 
slope of the logarithmic curves 
of Figures 14 to 17 

= pressure drop, (lb.F)/(sq..ft.) or 
(lb.F)/(sq. in.). AP, refers to a 
pressure drop calculated a t  the 
fluid bulk temperature, AP, to 
that calculated a t  the film tem- 
perature, and AP, to the 
measured pressure drop 

= radial distance, ft. 
= radius of tube, ft. 
= temperature, “F. (t6 denotes the 

fluid bulk temperature, t f  the 
film temperature, and t ,  the 
temperature a t  the wall.) 

= temperature difference or driv- 
ing force, O F .  

= local velocity, ft./sec. 
= average or hulk velocity, ft./sec. 
= mass flow rate, lb.nl/hr. or 

= velocity gradient a t  wall of tube, 

= coefficient of expansion, “F.-1 
= fluid consistency, lb.M/(ft.) 

(sec.Z-%‘.) y?,, refers to the term 
evaluated at the wall tempera- 
ture. y = g,K‘8%’-’. For a New- 
tonian fluid, 

= ratio of non-Newtonian to New- 
tonian shear rates, 6 = a /SV/D 

lb.M/sec. 

sec.-l 

= geK’ = p. 

NNu = Nusselt number, taken as 
hD/kA1/3 or hD/k61/3 in the 
laminar region. For Newtonian 
fluids All3 = = 1.00; hence 
ATNu = hD/k. 

NPr = generalized Prandtl number, 
(C,y/k)(V/D).‘-l. For New- 
tonian fluids n’ = 1.00 and 
y = p ;  hence N p ,  = C,p/k, 

N R e  = generalized Reynolds number, 
(D‘ Vz--n’p/y). For Newtonians, 
this reduces to DVplp .  

N s t  = Stanton number, taken as 
h/(CvGAl/3) in the laminar re- 
gion 

= (3n’ + 1)/4n’ dimensionless 
= ratio of non-Newtonian to New- 

tonian heat transfer rates, di- 
dimensionless. I n  regions for 
which the Iieveque theory is 
valid, All3 = W3. 

= Newtonian viscosity, lb.,/(sec.) 
(ft.). pw denotes viscosity evalu- 
ated at the wall temperature and 
pa the “apparent” viscosity of a 
non-Newtonian fluid. 

= 3.14. . . 
= density, lb.w/cu. ft. 
= shear stress, Ib.,/sq. ft. rw de- 

notes the shear stress a t  the wall 
of a tube and ri that a t  a vis- 
cometer bob. 

= yield value of a Bingham-plastic 
fluid, lb.F/sq. ft. 

sionlesa Groups 

= Grashof number, (PAlD3p2g)/p2 
= Graetz number, wC,/kL 
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